CHUYEN DE

TIMHIEU THEM ) . )
MOQT SO PINH LY HINH HQC (PHAN 1)

I- LOINOIDAU

_ L& mét thanh vién trén diendantoanhoc.net (VMF) va thirong xuyén trao déi thong tin trén do, t6i
gap duoc mét bai toan :
“ Cho A la mét diém bat ky trén (O ; R) va AB, AC 1 hai day ciia dwong trOn nay tiép xic véi (I, r)
nam trong (O ; R). Khi d6 BC [ tidp tuyén cuia (I ; r) khi va chi khi O = \[R(R-2r) ™
_ Qua tim hiéu thi biét dwoc ddy la Pinh 1y Euler néi tiéng. Tir d6 ti thdy rdang can thiét ¢c6 mét i
ligu gidi thiéu vé mét sé dinh 1y Hinh hoc nham cung cdp thém cho chlng ta méz it kién thirc dé dp
dung cdc dinh ly nay vao Viéc giai toan Hinh hoc.

Trong bal viét ¢o tham khao thém mét phan (Diém Toricelli, Dinh ly Carnot) trong bai glang cua
Thay Tran Nam Diing (PTNK TPHCM). Xin cam on Thdy va mong c&c ban gdp y thém vé bai viét
nham hoan thién hon nira.

II- CAC PINH LY vé chirng minh d("ing quy — thiang hang :
Pau tién xin gidi thiéu hai dinh 1y CEVA va MENELAUS dirgc ding trong Viéc chitng minh ba dwong
thang dong quy va chitng minh ba diém thing hang. Viéc chimg minh hai dinh Iy nay khong kho
nhung khi dp dung, ta giai dwoc nhiéu bai tdp ddc sdc.

|1- Pinh ly CEVA| (Giovanni Ceva, 7/12/1647 — 15/6/1734, nha toan hoc nguoi Y)

AABC
cT A’ e BC(A’#B, C)
B’e AC(B’#A, C)
C’ e AB(C’#A, B)
, , s ol A'B B'C CA _
KL | AA’, BB’,CC dongquy@A,C BA C’B_l
Ching minh

& Phan thuan

e Cho AA’, BB’, CC’ cit tai O
V& AK // BB’ (K € CC’); Cl // BB’ (I € AA?)

. A'B_OB
A'C”ClI
CA_ AK
AAKC’, taco OB /I AK (BB’ I/ AK) > &2 = oo
AACI, ta c6 OB" // CI (BB // Cl) > 2= 22
OA _ AK
AOCI, taco Cl // AK > ol ~ CI
B'A_AK (BC_Cl

o Tdd 55-="6r 2 A~ AK
. AB.BC CA_OB Cl AK _,

* Nhwvay e "B'A CB~Cl AK OB

& Phan dao

R Ty ., A’B B'A CA _
e GiasucoA’, B’, C’ (nam trén cac canh) thoaA,C BC CB- 1

e Goi{O}=AA’ " BB’.QuaO, V& CC”Vv6iC”’  AB




A’B B’A C’A _
A’'C B'C C'B

e Tuong tu phin thuin, ta ¢/m duoc

.. CA_CA
* Tdds g=cop

ViC’'vaC” déun/gAvaBnénC’ =C”

Nhu viy AA’, BB’, CC’ dong quy tai O m

AABC,
He AB (H#A, B)

GT GeAC(G#A Q)
FeAB(F=B, Q)
g1 FB.GC HA _
KL | H G,Fthanghang<2=t>FC GA HB_l

Ching minh
&7 Phan thuin

V& CK // AB (K e HF)

1.

B A’ C

A B
A | _

, , .. GC_CK
o Xét AAHG, taco AH // CK (CK // AB) nén GA - AH
. ~ , . FB_BH
e Xét ABFH, ta cing c6 CK // BH (CK // AB) nén EC-CK
. Dods FB GC HA _BH CK HA_.
FC GA HB CK AH HB
(5 Phan dao
L . FB GC HA _
Giastrcd H, G, F thoa EC GA HB-
Goi {H’} = GF n AB
Ao s FB.GC HA _
Tuong ty phan thuan, ta ¢/m dugc EC GA H’B_l
... HA_HA
Trdd 5 =B

ViHVaH déungAvaBnénH=H’

Nhu vay H, G, F théng hang m

|3— Bai tip miu - Tuw luyén|

BAI 1 Cho hinh chir nhat ABCD. Tir P trén duong chéo AC

dung hinh chir nhat AEPF (E€AB, FeAD). Ching minh BF
va DE cat nhau tai mot diém nam trén AC.

Hd

_ That ra thi bai tap nay chiung minh khong kho lim, tham
chi dung mét két qua trong SGK 16p 8, c6 thé suy ra dugc.
(EFDB 1a hinh thang, FD va EB cdt nhau tai A. Khi @6 dwong

thang qua A va giao diém hai dwong chéo sé di qua trung diém hai
canh day).




_ Tuy nhién néu ap dung dinh Iy CEVA cho AADB (E, F, O la cdc diém lan lupt thugc cac canh), ta chimg
minh d& dang ba dudng AO, BF, DE dong quy m

BAI 2 Cho A, B, C, D, E, F la cic diém nam trén mot duong tron (cd thé khdng xép theo thir te nhue trén).
Goi {P}= ABNDE,{Q}=BCNEF{R}=CDNFA. Chirng minh rang P, Q, R thang hang.

Hd

{X}=EFNAB,
Goi {Y}=ABNCD,

{Z}=CDNEF.
Ap dung dinh 1y Menelaus cho BC, DE, FA (déi voi
AXYZ), ta co:
QZ BX CY PX DY EZ RY FZ AX_l

QX'BY' CZ PY' DZ EX RZ FX AY
(3’ tich giita cdc ti 56 121 nén TICH cuia 3 tich nay ciing [a 1)
Sap xép TICH céc tich trén lai hgp ly, ta c6 :

QZ PX RY )| CY.DY BXAX EZFZ
QX PY RZ )| BY.AY EXFX CzDZ
1 1 1

0 E%ﬂ =1, theo dinh 1y Menelaus ta dugc P, Q, R thang hang : dpcm ! m

MOT SO BAI TV LUYEN

Qua céc diém A va D nam trén dudng tron ké cac duong tiép tuyén, chiing cit nhau tai diém S.
Trén cung AD lay céc diém A va C. Cac duong thang AC va BD cit nhau tai diém P, céc dudng
thing AB va CD cit nhau tai diém O. Chtng minh rang dudng thiang PQ chira diém O.

n Trén céc canh cua tam giac ABC vé phia ngoai ta dung cac hinh vudng. A, B, Cy, 12 trung diém
c4c canh cua cac hinh vubng nam ddi nhau vai cac canh BC, CA, AB tuong ng. Chirng minh
rang cac duong thing AA;, BBy, CC; dong quy.

m DPiém P nim trén duong tron ngoai tiép cua tam giac ABC, A;, By, C; lan luot 13 chan duong
vudng goc ha tir P xuéng BC, CA, AB. Chimg minh riang A;, B;, C; thang hang.

Trong tam giac vudng ABC ké duong cao CK tu dinh cua goc vubng C, con trong tam giac ACK
ké dudng phan giacCE. D 1A trung diém cua doan AC, F 14 giao diém cua cic duong thing DE
va CK. Chirng minh BF//CE.

I11- CAC PINH LY vé Puwong tron ngoai tiép — ndi tiép :

|1- Pinh Iy PTOLEMY/ (Claudius Ptolemy 100-170 SCN)

\i y Déng thirc PTOLEMY
ICho tir gidc ABCD néi tiép dudng tron (O). Khi d6 AC.BD = AB.CD + AD.BC]

Chitng minh
Lay M thudc duong chéo AC sao cho ABD = MBC
Khi d6 xét AABD va AMBC c¢6 ABD = MBC, ADB = MCB
Nén AABD 12 AMBC (g - Q)
Do doé tacod: ﬂzM—C: AD.BC=BD.MC (1)
BD BC

Laico o2 - BM s ABM - DBC

BD BC

Nén AABM  ADBC (g-0Q)




Suyra ﬂzﬁ hay AB.CD =AM.BD (2)
AM CD

Tir (1) va (2) suy ra AD.BC+AB.CD = BD.MC +AM.BD = AC.BD : dpcm ! m

Bét ding thirc PTOLEMY
Cho tr giéc ABCD. Khi d6 AC.BD < AB.CD +AD.BC|

Ching minh

Trong ABC Iéy diém M sao cho ABD = I\TB\C, ADB = MCB
Chung minh dugc ABAD 1J ABMC

:>AD BD = BD.CM=AD.CB
MC CB

Ciing tir két luan trén suy ra: AB = @ ABM =DBC
BM BC’

= AABM w2 ADBC(c—-g-c)
AB _BD
=
AM CD

Ap dung bt ding thirc trong tam giac va cac diéu trén ta co:
AD.BC+AD.DC=BD(AM+CM)>BD.AC: dpcm

= AB.DC=BD.AM

Mot nhan dinh cin luu ¥

BAt ding thirc Ptolemy 13 hé qua ciia bat ding thirc tam gidc ? )
(Trich luoc theo ¥ kién ciia Thay Tran Nam Diing - PTNK)

“ Al ciing biét bat dang thirc tam gidc: V6i A, B, C la ba diém bdt ky trén mat phdang, ta c6 AB
+ BC >AC. Ddu bang xdy ra khi va chi khi A, B, C thang hang va B nam giita A va C.

Trong khi dé, bat dang thite Ptolemy khang dinh: Véi 4 diém A, B, C, D bat ky trén mdt
phdng, ta c6 AB.CD + AD.BC >AC.BD

RO rang, theo mét quan diém nao dé thi bdt dang thirc Ptolemy chinh 1a mé réng cia bat
dang thikc tam gidc”

Bit dang thiic Ptolemy va cc két qua kinh dién
Piém Toricelli
Bai toan “Cho tam giac ABC bdt ky. Hay tim diém M trong mdt
phang tam gidc sao cho MA + MB + MC dat gid tri nhé nhat”.
Piém M tim dwge dwoc goi 1a diém Toricelli ciia tam giac ABC
_Trén canh BC, dung ra phia ngoai tam gidc déu BCA’. Ap dung bét
dang thirc Ptolemy cho tir giac MBA’C ta c6
BM.CA’ + CM.BA’ > BC.MA’
_Tu dd, do CA’=BA’ = BC nén ta dugc
BM + CM > MA’
_Nhuvay AM + BM + CM > MA + MA’ > AA’
_TuclaAM + BM + CM > AA’ (la hang so)
Dau bang xay ra <& Tt giac BMCA’ ndi tlep va M nam gitra A va A’

D >

[1.4.2] Binh Iy Carnot ( Nicolas Léonard Sadi Carnot — 1796)
Cho tam giac nhon ABC néi tiép trong dwong tron (O ; R) va ngogi tlep duwong tron (1; r) Goi X, Y, z
lan lieot 13 khodng cdach tir O t6i cac canh tam gide. Chitng minh rang @ X+y+2=R+r
Ching minh.
Goi M, N, P lan lugt 14 trung diém cua BC,CA, AB.
Giasat x=0M, y=0N, z=0P, BC=3a,CA=b, AB=c.



Tu giac OMBP noi tiép, theo dang thirc Ptolemy ta c6:
OB.PM =0OP.MB +OM.PB

Tuong tu ta cling ¢ :

Mat khac:

a b c
r(E"'E"'Ej =Sasc = Soec +Soca +Sons =

—x2y +z£()
2 ) 2
Tu (1), (2) (3), (4) taco
(R+r)(a+2+cj:(

(Pay la mét dinh Ii kha quen thugc va cach chitng minh kha don gian. Ung dung cia dinh If nay nhuw da néi la
dung nhiéu trong tinh todan cdc dai lwong trong tam gidc)

+y+2)(a+2+cj3R+r=X+y+Z:dgcm I'm

Ung dung ctia Pinh 1y Ptolemy

Bai toan 1. . i o )
Cho tam gidc déu ABC c0 cac canh bang a (a > 0). Trén AC lay diém Q di dong, trén tia doi cua tia
CB liy diém P di dong sao cho AQ.BP = a°. Goi M 1a giao diém cia BQ va AP. Chirng minh ring
AM + MC = BM.

ChlUng minh.
AQ AB
Tir eia thidt AQ.BP=a’suyra — ="—, A
g Q Y™ B BP
Xét AABQVA ABPA c6: 22 ~AB 11y va BAQ = ABP
"AB BP B M
= AABQ 10 ABPA (c-g-¢) = ABQ=APB (1) a 0

Lai c6 ABQ+MBP=60° (2)
Tu (2),(2) tasuyradugc :
BMP =180° - MBP — MPB =120° B o

— AMB =180° - BMP =180° —120° = 60° = ACB
= tir gidc AMCB noi tiép duoc duong tron.
Ap dung dinh Ii Ptolemy cho tir giac AMCB ngi tiép va gia thiét AB=BC =CA
Tacdé ABMC+BC.AM=BM.AC =AM +MC=BM : dpcm !

Bai toan 2.
Tam giac ABC vudng c6 BC > CA > AB. Goi D 1a mot diém trén canh BC, E 12 mot diém trén canh
AB kéo dai vé phia diém A sao cho BD = BE = CA. Goi P la mot diém trén canh AC sao cho E, B, D,
P nam trén mot duong tron. Q 1a giao diém thir hai ciia BP v6i duong tron ngoai tiép AABC. Ching
minh raing AQ+CQ =BP.

Chung minh.
X6t cAc tar gidc noi tiép ABCQ va BEPD ta co: CAQ = CBQ = DEP

Mit khic AQC =108° - ABC = EPD




Xét AAQCva AEPD cé:

AQC =EPD, CAQ = DEP
— AAQC Lo AEPD

AQ_CA L AQED-EPCA=EPBD (1)
EP ED
(do AC=BD)
AC_QC L Epoc-ACPD=BEPD (2)
ED PD
(do AC = BE)

Ap dung dinh Ii Ptolemy cho tir gidc ndi tiép BEPDta
c6: EP.BD +BE.PD=ED.BP (3)

Tu( 1), (2), (3) suyra AQ.ED+QC.ED =ED.BP

= AQ+QC=BP:dpcm!

Bai toan 3.
Cho mét tir gidc ndi tiép ¢ cac canh lién tiép banga, b, c,d va cac dudong chéo bang p, q.

Chirng minh rang pq <+/(a®+b?)(c® +d?)
Chung minh. )
Ap dung dinh li Ptolemy cho tr giac ndi tiép thi ac+bd = pq
Vay ta can chimg minh p?qg® = (ac+bd)? < (a® +b?)(c® +d?)
Bit dang thirc ndy chinh 1a mot bat dang thirc rat quen thudc ma c6 I& ai ciing biét d6 1a BDT Cauchy-
Schwarz. Vay bai toan dugc ching minh.

Mt 1o gidi dep va v cliing gon nhe cho Mt bai todn twéng chieng nhuw la khé. Y tuéng ¢ day la dwa
bat dang thirc can chitg minh vé mét dang don gian hon va “dai s6” hon.
Thdt thii vi [a bdt dang thire @6 lai la BDT Cauchy-Schwarz.

Bai toén 4.
Cho duong tron (O) va BC la mot day cung khac duong kinh ctia
duong tron. Tim diém A thudc cung 16n BC sao cho AB+AC
I6n nhat.

Ching minh.
Goi D l1a diém chinh giira cung nho BC.
Dit DB =DC =a khong d6i. Theo dinh li Ptolemy ta co:

AD.BC=AB.DC+ACBD=a(AB+AC)= AB+AC= B—C.AD
a

Do BC va A khong d6i nén AB + AC Ién nhét
< AD Ién nhat & A la diém doi xtmg cia D qua tam O cua
duong tron.

2- Dinh Iy EULER| (Leonhard Euler 1707-1783)

Ta tré lai véi dinh Iy da dit ra vin dé cho bai viét ndy, ciing xin phdn biét dinh 1y ndy Véi “Puwong thang
Euler” hay “Puong tron Euler” :

“ Cho A la mgt diem bat ky trén (O ; R) va AB, AC la hai day ciia dudng tron

nay tiép xic véi (I ; r) nam trong (O ; R). Khi do BC la tiép tuyén cia (I ; r)

khi va chi khi OI= \/R(R-2r) ”
C6 nhiéu cdch phat bié’u‘néi dung dinh I, dudi day la mot cdch dién dat khac :

“ Cho R, r lan lugt 1a ban kinh duong tron ngoai tiép va noi tiép tam giac ABC. Khi

do, khoang cach gilra hai tim cta hai duong tron nay 1a (R(R-2r)”




ChiUng minh.

_ Goi la giao diém cua phan gisc ABC Véi (O).
_Taco :

( BLIM=R*- 0P =R*-d?(1)
AICM cén tai M vi CIM = icm = ABC +ACB

AMKC uva AIBD -> MK _1B

MC ID
| MK=2R:ID=r:MC=MI

_ Két hop cac két qua trén, ta co dpcm ! m

NOI THEM “Puong thang Euler” — “Puwong tron Euler”

Cho H, G, O 1an lwot 1a truc tam, trong tam
va tam dwong tron ngoai tiép cia AABC. Khi
doé : H, G, O thang hang va HG = 2.0G

“ Puong Othazng di qua ba diéem H, G, O goi la
dwong thang Euler”

|3- Dinh Iy SIMSON| (Robert Simson 1687-1768)

Trong mdt tam gidc : ba trung diém clia ba canh,
ba chan dwéng cao va ba trung diém cda ba
doan thang ndi cac dinh véi trwc tdm, nam trén
cung mét dwdng tron.

A

“ Puwong tron di qua chin diém nhw trén goi la dwong
tron Euler ”

Ngoai dinh Iy Menelaus , dinh Iy Simson ciing con hay dwege sir dung dé chitng minh ba diém thang hang.

Noi dung :

“ T mot diém P trén duong tron ngoai tiép AABC, ta ha lan luot cac dwong
vuodng goc xuéng cac canh BC,,CA, AB chung gap cég canh nay lan Iy’c_yt tai A, B,
C’. Khi d6 ba diem A’, B’, C’ thang hang va dwdng thang chlra ba diém nay goi la

duwong thdng Simson ”



ChiUng minh.

AC cua duong tron ngoai tiép AABC.

_Taco APC=A'PC' (cung bu KB\C)

kia ndm trén phan kéo dai cua canh.

_Talaicé: A'B'C=A'PC (A’B’PC noi tiép)

Va AB'C'=APC' (AB’PC’ noi tiép)

_ Két hop cac két qua trén, ta c6 : AB'C'=A'B'C

Do d6: A’, B’ , C’ thang hang: dpcm ! m

_ Khdng mat tinh tong quét, gia sir P nam trén cung (nho)

Tu day, suy ra duogc : APC'=A'PC. Nhu vay trong hai

diém A’, C’ ¢6 mot diém ndm trén canh AABC va diém

HET PHAN 1.

Tai liéu tham khao :

_ Tuyén tap 30 ndm tap chi TH & TT — NBX Giéo duc 2000.
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Moi g6p V g&i xin géi veé :

doanvanto71@yahoo.com hogc doanvanto@gmail.com

Xem thém tw liéu Toan trén thw vién :

http://violet.vn/vanto71

Xin trich ddn cdu néi ciia Thay Ngé Pat Ti khi n6i vé Leonhard Euler :
“ Péi v&i Euler, lam toan cing tw nhién va céan thiét nhw Ia hit thé khéng khi.
Séng la lao déng séng tao, séng la lam toan, va éng chi ngirng lam toan khi

trai tim éng ngtrng dap”

GV Poan Vin Té
T6 Toan — Truong THCS Hong Bang



